The process matrix framework for a single-party system by Morimae, Tomoyuki
ar
X
iv
:1
40
8.
14
64
v3
  [
qu
an
t-p
h]
  7
 Ju
n 2
01
6
The process matrix framework for a single-party system
Tomoyuki Morimae∗
ASRLD Unit, Gunma University, 1-5-1 Tenjin-cho Kiryu-shi Gunma-ken, 376-0052, Japan
(Dated: September 25, 2018)
The process matrix framework [O. Oreshkov, F. Costa, and C. Brukner, Nature Communications
3, 1092 (2012)] can describe general physical theory where locally operations are described by
completely-positive maps but globally no fixed causal structure is assumed. In this framework, two
parties who perform measurements on each single-qubit system can violate a “causal inequality”,
which is not violated if the global fixed causal structure exists. Since the standard quantum physics
assumes a fixed global causal structure, the process matrix framework can describe more general
physical theory than the standard quantum physics. In this paper, we show that for a single-party
system the process matrix framework is reduced to the standard quantum physics, and therefore no
exotic effect beyond the standard quantum physics can be observed. This result is analogous to the
well known fact in the Bell inequality violation: a single-party system can be described by a local
hidden variable theory, whereas more than two parties can violate the Bell inequality.
I. INTRODUCTION
Exploring more general physical theory beyond the
standard quantum physics has great practical importance
as well as pure academic interest. It can give some (and
hopefully full) explanations why quantum physics is as
it is while quantum physics is not the most general no-
signaling theory [1–5]. It also provides plenty of new
insights for researches in other fields, such as statistical
physics, field theory, and, interestingly, even computer
science. For example, it is known that certain exotic
effects, such as the closed-time-like curve [6, 7], nonlin-
ear time evolutions [8], and postselections [9], enable su-
per strong computing (such as PP). It was also pointed
out that the fact that universal quantum computing with
postselections (postBQP) is very strong (i.e., PP) [9] can
be used to show the hardness of classical efficient simula-
tions of some superficially innocent non-universal quan-
tum computing models, such as depth-four circuits [10],
commuting gates [11], non-interacting bosons [12], and
the one-clean qubit model (DQC1) [13, 14].
There are several theoretical formalisms to study gen-
eral physics beyond the standard quantum physics [15–
18]. Oreshkov, Costa, and Brukner [18] recently proposed
a new framework, so called the process matrix (PM)
framework, to study a physical theory where locally op-
erations are described by CP maps but globally no fixed
causal structure is assumed (see also Refs. [19–26]). Since
the standard quantum physics assumes the global fixed
causal structure, the PM framework can describe more
general physical theory beyond the standard quantum
physics. In fact, it was shown in Ref. [18] that for two
parties who perform measurements on each single-qubit
system the PM framework can violate a “causal inequal-
ity”, which is not violated in the theory where the global
fixed causal structure exists. (See the next section.)
Does the PM framework always exhibit some exotic
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effects beyond the standard quantum physics? Or exotic
effects are exceptional for some special circumstances,
such as certain specific system dimension or number of
parties, etc.?
The purpose of the present paper is to study the ques-
tion. In this paper, we show that for a single-party sys-
tem we cannot see any exotic effect beyond the standard
quantum physics: the PM framework is reduced to the
standard quantum physics. It is interesting to point out
that this result has an analogy in the Bell inequality vio-
lation: a single-party system can be described by a local
hidden variable theory, whereas more than two parties
can violate the Bell inequality (or its multipartite gener-
alizations).
II. TWO PARTIES EXPERIMENT
It was shown in Ref. [18] that the PM framework for
two parties exhibits the exotic effect, namely, the viola-
tion of the causal inequality. Let us consider the follow-
ing game (Fig. 1). Alice and Bob are in the different
laboratories. Operations in the inside of each labora-
tory are described by CP maps, but in the outside of the
laboratories, no fixed causal structure is assumed. Al-
ice is given a random bit a ∈ {0, 1} and has to output
x ∈ {0, 1}. Bob is given two random bits b, b′ ∈ {0, 1}
and has to output y ∈ {0, 1}. A quantum state enters
into Alice’s laboratory, and she performs a measurement
on it. She sends the post-measurement state out to the
laboratory. Also in Bob’s laboratory, he performs a mea-
surement on an entering quantum state, and sends the
post-measurement state out to his laboratory.
If a fixed global causal structure exists in the outside
of the laboratories, the inequality
pOCB ≡ 1
2
[
p(x = b|b′ = 0) + p(y = a|b′ = 1)
]
≤ 3
4
is satisfied [18]. This bound is called the causal inequal-
ity. (Analogous to the Bell inequality, which is satisfied if
the system is described by a local hidden variable theory.)
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FIG. 1: The causal game considered in Ref. [18]. Alice and
Bob are in different laboratories. Operations in the inside of
each laboratory is described by CP maps, but in the outside
of the laboratories no fixed global causal structure is assumed.
They showed that in the PM framework, this inequality
can be violated. Assume that Alice’s measurement is a
CP map
EAj : L(HA1 )→ L(HA2 ),
and Bob’s measurement is a CP map
EBk : L(HB1 )→ L(HB2 ),
where HA1 and H
A
2 are Alice’s input and output Hilbert
spaces, respectively, HB1 and H
B
2 are Bob’s input and
output Hilbert spaces, respectively, and L(H) is the space
of operators over H . In the PM framework, the proba-
bility of having this event is given by
P (EAj , EBk ) = Tr
[
W
(
MEAj
⊗MEB
k
)]
,
where
W ∈ L(HA1 ⊗HA2 ⊗HB1 ⊗HB2 )
is a positive-semidefinite operator so-called the process
matrix (PM). A PM is considered as a generalization of
a density matrix in the standard quantum theory. It was
shown in Ref. [18] thatW has to be positive semi-definite,
W ≥ 0.
Operators
MEAj ∈ L(H
A
1 ⊗HA2 ),
MEB
k
∈ L(HB1 ⊗HB2 ),
are Choi-Jamiolkowsky (CJ) operators corresponding to
EAj and EBk , respectively. Here, the CJ operator MEj
corresponding to a CP map
Ej : L(H1)→ L(H2)
is defined by
MEj ≡ [(I ⊗ Ej)|ME〉〈ME|]T
=
d1∑
i,j=1
|i〉〈j| ⊗ Ej(|j〉〈i|) ∈ L(H1 ⊗H2),
where d1 is the dimension of H1, T is the matrix trans-
position, and
|ME〉 ≡
d1∑
j=1
|j〉 ⊗ |j〉 ∈ H1 ⊗H1
is the (non-normalized) maximally-entangled state.
For example, if the CP operation is to project onto
|ψ〉 and change the post-measurement state into |η〉, the
corresponding CJ operator is
d1∑
i,j=1
|i〉〈j| ⊗ |η〉〈ψ|j〉〈i|ψ〉〈η| =
✄
✂
 
✁
ψ ⊗ ✄
✂
 
✁
η ,
where
✄
✂
 
✁x ≡ |x〉〈x| [27].
In order to see a violation of the causal inequality, au-
thors of Ref. [18] proposed the following PM:
WOCB ≡ 1
4
[
I⊗4 +
I ⊗ Z ⊗ Z ⊗ I + Z ⊗ I ⊗X ⊗ Z√
2
]
.
If Alice’s CJ operator is
✄
✂
 
✁x ⊗
✄
✂
 
✁a ,
and Bob’s CJ operator is
b′
✄
✂
 
✁
y ⊗ ✄
✂
 
✁
η + (b′ ⊕ 1)
✞
✝
☎
✆
(−1)y ⊗
✞
✝
☎
✆
b+ y ,
where |η〉 is any state, then,
pOCB =
2 +
√
2
4
>
3
4
.
In this way, the PM framework for two laboratories can
exhibit the exotic effect beyond the standard quantum
physics.
III. SINGLE-PARTY SYSTEM
Now let us show that the PM framework is reduced to
the standard quantum physics for a single-party system.
We assume that Alice is in her laboratory (Fig. 2). A
state ρ enters into the laboratory, and she measures it.
Then she sends the post-measurement state σ out to the
laboratory. Her operation in the inside of the laboratory
is described by a CP map, but there is no fixed causal
structure in the outside of her laboratory.
In the PM framework, this experiment is described in
the following way. Alice’s measurement on the entering
state ρ is described by a CP map
Ej : L(H1)→ L(H2)
if the measurement result is j, where H1 and H2 are
the input and output Hilbert spaces, respectively. The
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FIG. 2: Alice is in her laboratory. She performs a measure-
ment on the state ρ entered into the laboratory, and sends
the post-measurement state σ out to the laboratory. Her op-
eration in the inside of the laboratory is described by a CP
map, but there is no fixed causal structure in the outside of
the laboratory.
probability P (Ej) that Alice’s measurement result is j is
given by
P (Ej) = Tr(WMEj ),
where
MEj ≡ [(I ⊗ Ej)|ME〉〈ME|]T
=
d1∑
i,j=1
|i〉〈j| ⊗ Ej(|j〉〈i|) ∈ L(H1 ⊗H2)
is the CJ operator corresponding to Ej , and the operator
W ∈ L(H1 ⊗H2),
is the PM. It is easy to show that
Tr(W ) = d2,
where d2 is the dimension of H2 (for a proof, see Ap-
pendix). In other words, the PM W is a density matrix
up to the constant factor d2.
For example, if Alice’s CJ operator is
✄
✂
 
✁
ψ ⊗ ✄
✂
 
✁
η , the
probability for the event is given by
Tr
[
W
(✄
✂
 
✁
ψ ⊗ ✄
✂
 
✁
η
)]
.
One might think that if W could be a maximally-
entangled state betweenH1 andH2, then the closed time-
like curve can be implemented, since Alice can “postse-
lect” the H2 part of W into |η〉, which affects the “past
state”, i.e., the H1 part of W .
However, such a “strange” effect does not happen. We
now show that in the single-party setup the PM frame-
work is reduced to the standard quantum physics. (For
simplicity, we here give a proof for the single-qubit case.
A generalization to the multi-qubit case is given in Ap-
pendix.) Let us decompose W in the Pauli basis:
W =
∑
α∈{1,x,y,z}
∑
β∈{1,x,y,z}
wαβσα ⊗ σβ ,
where {wαβ} are complex numbers, and
σ1 ≡ I = |0〉〈0|+ |1〉〈1|,
σx ≡ X = |0〉〈1|+ |1〉〈0|,
σy ≡ Y = −i|0〉〈1|+ i|1〉〈0|,
σz ≡ Z = |0〉〈0| − |1〉〈1|,
are Pauli operators.
Since Tr(W ) = 2, we obtain w11 =
1
2 . For α ∈ {x, y, z}
and β ∈ {x, y, z}, let |α(s)〉 be the eigenvector of σα
corresponding to the eivenvalue (−1)s (s ∈ {0, 1}), and
|β(m)〉 be the eigenvector of σβ corresponding to the
eivenvalue (−1)m (m ∈ {0, 1}).
1 =
1∑
s=0
Tr
[
W
(✞
✝
☎
✆
α(s) ⊗
✞
✝
☎
✆
β(m)
)]
=
1∑
s=0
(
w1,1 + (−1)mw1,β + (−1)swα,1 + (−1)s+mwα,β
)
= 1 +
1∑
s=0
(
(−1)mw1,β + (−1)s+mwα,β
)
,
which leads to
1∑
s=0
(
(−1)mw1,β + (−1)s+mwα,β
)
= 0.
If we take m = s, then
0 =
1∑
s=0
(
(−1)sw1,β + (−1)2swα,β
)
= 2wα,β.
If we take m = 0, then
0 =
1∑
s=0
(
(−1)0w1,β + (−1)swα,β
)
= 2w1,β .
In summary, we have shown that for the single-qubit
system the PM has the form of
W =
(1
2
I + wx1X + wy1Y + wz1Z
)
⊗ I ≡W1 ⊗ I.
SinceW ≥ 0, we obtainW1 ≥ 0. This fact and Tr(W1) =
1 means that W1 is a density operator. In this case, the
PM framework recovers the standard quantum physics,
4since for any Kraus operator Ek,
Tr
[
W
(∑
i,j
|i〉〈j| ⊗
∑
k
Ek|j〉〈i|E†k
)]
= Tr
[
(W1 ⊗ I)
(∑
i,j
|i〉〈j| ⊗
∑
k
Ek|j〉〈i|E†k
)]
=
∑
i,j,k
〈j|W1|i〉〈i|E†kEk|j〉
= Tr
(∑
k
EkW1E
†
k
)
,
which is the probability rule in the standard quantum
physics.
IV. DISCUSSION
In this paper, we have shown that the process matrix
framework for a single-party system is reduced to the
standard quantum physics. This result has the analogy
in the Bell inequality violation. It will be a future re-
search subject to clarify whether the analogy is only a
superficial one or some deep connections are underlying.
For example, the causal inequality has the same bound
as that of the Bell inequality. Furthermore, an upper-
bound of the causal inequality was derived [19], which is
an analog to the Tsirelson bound of the Bell inequality.
One consequence of our result for experiments would
be the following: imagine that an experimental project
team is trying to test quantum physics. In order to
capture any exotic effect beyond the standard quantum
physics, like a closed time like curve, they have con-
structed a large accelerator by spending huge amount
of budget. However, due to the shortage of money,
they have managed to get only a single laboratory. Can
they see any exotic effect beyond the standard quantum
physics? Our result shows that unless the “CP map de-
scription rule” is locally wrong they cannot see any exotic
effect with a single laboratory. In other words, they have
to find new sponsor to construct another laboratory.
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Appendix
We first show Tr(W ) = d2. Let us consider the Kraus
operator
Ej,k ≡ 1√
d2
|j〉〈k|
for j = 1, 2, ..., d2 and k = 1, 2, ..., d1, which satisfies
d2∑
j=1
d1∑
k=1
E
†
j,kEj,k =
1
d2
d2∑
j=1
d1∑
k=1
|k〉〈j|j〉〈k|
= Id1 .
Then, we obtain
1 =
d2∑
j=1
d1∑
k=1
Tr
(
WMEj,k
)
=
1
d2
d2∑
j=1
d1∑
k=1
Tr
[
W
(✄
✂
 
✁k ⊗
✄
✂
 
✁
j
)]
=
1
d2
Tr(W ),
which means Tr(W ) = d2.
We next show the generalization of the single-qubit re-
sult to multi-qubit result. Let Ss1,...,sn be a certain subset
of {0, 1}n, which can depend on (s1, ..., sn) ∈ {0, 1}n.
1 =
∑
(s1,...,sn)∈{0,1}n
1
|Ss1,...,sn |
∑
(m1,...,mn)∈Ss1,...,sn
Tr
(
W
✞
✝
☎
✆
α1(s1) ⊗ ...⊗
✞
✝
☎
✆
αn(sn) ⊗
✞
✝
☎
✆
β1(m1) ⊗ ...⊗
✞
✝
☎
✆
βn(mn)
)
=
∑
(s1,...,sn)∈{0,1}n
1
|Ss1,...,sn |
∑
(m1,...,mn)∈Ss1,...,sn
∑
ξ1∈{1,α1}
...
∑
ξn∈{1,αn}
∑
η1∈{1,β1}
...
∑
ηn∈{1,βn}
×wξ1,...,ξn,η1,...,ηnTr
(
σξ1
✞
✝
☎
✆
α1(s1)
)
...Tr
(
σξn
✞
✝
☎
✆
αn(sn)
)
Tr
(
ση1
✞
✝
☎
✆
β1(m1)
)
...Tr
(
σηn
✞
✝
☎
✆
βn(mn)
)
.
Consider certain w1,...,1,η1,...,ηn, where ηj ,ηk,...,ηr are not 1. If we take
Ss1,...,sn =
{
(m1, ...,mn)
∣∣∣mj ⊕mk ⊕ ...⊕mr = 0
}
,
5then
1 = 2nw1,...,1,1,...,1 + 2
nw1,...,1,η1,...,ηn ,
which means that w1,...,1,η1,...,ηn = 0.
Next consider certain wξ1,...,ξn,η1,...,η, where
ξt, ξu, ..., ξv and ηj , ηk, ..., ηr are not 1. Then, if we
take
Ss1,s2,...,sn
=
{
(m1, ...,mn)
∣∣∣st ⊕ su ⊕ ...⊕ sv = mj ⊕mk ⊕ ...⊕mr
}
,
then
1 = 2nw1,...,1,1,...,1 + 2
nwξ1,...,ξn,η1,...,ηn,
which means that wξ1,...,ξn,η1,...,ηn = 0.
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